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Abstract
In this paper, a construction of complete permutation polynomials over finite
fields of even characteristic proposed by Tu et al. recently is generalized in a
recursive manner. Besides, several classes of complete permutation polyno-
mials are derived by computing compositional inverses of known ones.
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1. Introduction
Let Fq be a finite field with q elements where q is a prime or a prime
power. A polynomial f(x) ∈ Fq[x] is called a permutation polynomial over
Fq if it can induce a bijective map from Fq to itself, and the polynomial
f−1(x) ∈ Fq[x] satisfying
f(f−1(x)) ≡ f−1(f(x)) ≡ x (mod xq − x),
is called the compositional inverse of f(x). Permutation polynomials have
important applications in combinatorics, coding and cryptography, thus con-
structions of them have been extensively studied (see e.g. [1, 2, 4, 16, 17]).
On the other hand, for known classes of permutation polynomials, explic-
itly determining their compositional inverses also attracts a lot of attention.
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However, it is generally quite difficult to obtain explicit representations of
known permutation polynomials. See [13, 14, 12] for some recent progresses
on this topic.
A permutation polynomial f(x) ∈ Fq[x] is known as a complete permu-
tation polynomial (CPP) over Fq if f(x) + x can permute Fq as well. Such
polynomials were initially studied by Niederreiter and Robinson in [10] mo-
tivated by their work on complete mappings of groups [9]. In fact, complete
permutation polynomials can be related to such important combinatorial ob-
jects as orthogonal latin squares. However, to construct large classes of them
is a big challenge, and there are rare classes of complete permutation poly-
nomials known. We refer to [8, 5, 15, 1, 11], for example, for some results on
this topic.
Generally speaking, it seems easier to construct complete permutation
polynomials over finite fields of even characteristic, since it is implied by a
result of Cohen that complete permutation polynomials over Fp of degree
≥ 2 does not exist for a sufficiently large prime p [3]. Very recently, several
new classes of complete permutation polynomials over finite fields of even
characteristic were constructed by Tu et al. in [11]. More precisely, they
proposed three classes of complete permutation monomials and a class of
complete permutation trinomials. Denote by trrs(·) the relative trace function
from F2r to F2s for any positive integers r and s with s | r. Their results can
be summarized in the following two theorems.
Theorem 1.1 (See [11, Theorem 1, Theorem 2, Theorem 3]). For two posi-
tive integers m, n, and an element v ∈ F∗2n, the monomial v
−1xd is a complete
permutation polynomial over F2n in either of the following three cases:
(1) m ≥ 2, n = 3m, (3, m) = 1, trnm(v) = 0, and d = 2
2m + 2m + 2;
(2) m ≥ 3 is odd, n = 2m, trnm(βv) = 0 or tr
n
m(β
2v) = 0 where β is a
primitive 3rd root of unity in F∗2n, and d = 2
m+1 + 3;
(3) m ≥ 3 is odd, n = 2m, v is a non-cubic with v2
m+1 = 1, and d =
2m−2(2m + 3).
Theorem 1.2 (See [11, Theorem 4]). For a positive integerm and an element
v ∈ F2m\{0, 1}, the trinomial
F (x) = x2
2m+1 + x2
m+1 + vx
is a complete permutation polynomial over F23m.
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In this paper, we mainly focus on the class of complete permutation
polynomials in Theorem 1.2. After noticing that the polynomial F (x) in
Theorem 1.2 is just F (x) = x (tr3mm (x) + x) + vx, we find it can be easily
derived that the polynomial
F¯ (x) = x (trnmm (x) + x) + vx
is a complete permutation polynomial over F2nm for any v ∈ F2m\{0, 1} if
n is an odd positive integer. Motivated by this fact, we generally consider
polynomials of the form xL(x)+vx, where L(x) is a linearized polynomial [7].
Our main observation is that complete permutation polynomials of this form
over finite fields of characteristic 2 can be constructed recursively. More
precisely, we find a complete permutation polynomial of this form over a
finite field of characteristic 2 can be obtained from a complete permutation
polynomial of the same form over certain subfield by virtue of the relative
trace function.
On the other hand, it can be easily proved that the compositional inverse
of a complete permutation polynomial also plays as a complete one; thus new
classes of complete permutation polynomials can be derived from known ones,
say, the classes of complete permutation monomials presented in Theorem
1.1, by computing their compositional inverses. For the class of complete
permutation polynomials constructed recursively in this paper, we can also
explicitly determine the compositional inverse class thanks to a technique
given by the first author and Liu in [13], obtaining another recursive class of
complete permutation polynomials over finite fields of even characteristic.
The rest of the paper is organized as follows. In Section 2, we construct a
class of complete permutation polynomials recursively to generalize Theorem
1.2. In Section 3, we derive several new classes of complete permutation
polynomials by computing compositional inverses of known ones. Concluding
remarks are given in Section 4.
2. A construction of CPP’s generalizing Theorem 1.2
Let m and n be two positive integers and q = 2m. For simplicity, we
denote by “tr” the trace function from Fqn to Fq in the remainder of the
paper. Now we give a construction of complete permutation polynomials
over Fqn based on complete permutation polynomials over Fq.
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Theorem 2.1. Let m and n be two positive integers where n is odd, and
q = 2m. Assume L(x) is a linearized polynomial over Fq (i.e., L(x) is of the
form
∑m−1
i=0 aix
2i with ai ∈ Fq, 0 ≤ i ≤ m − 1) such that xL(x) + vx is a
complete permutation polynomial over Fq for some v ∈ Fq\{0, 1}. Then
F (x) = x (L(tr(x)) + utr(x) + ux) + vx
is a complete permutation polynomial over Fqn for any u ∈ Fq.
Proof. We need only to prove that F (x) can permute Fqn for any u ∈ Fq
if xL(x) + vx can permute Fq, for some v ∈ Fq\{0, 1}. Assume F (x) = F (y)
for two distinct elements x and y in Fqn. Since
tr(F (x)) = tr(x)L(tr(x)) + utr(x)2 + utr(x2) + vtr(x)
= tr(x)L(tr(x)) + vtr(x)
due to the relation tr(x)2 = tr(x2), we have
tr(x)L(tr(x)) + vtr(x) = tr(y)L(tr(y)) + vtr(y),
which implies tr(x) = tr(y) because xL(x) + vx is a permutation polynomial
of Fq. Then from F (x) = F (y) we can get
(x+ y) (L(tr(x)) + utr(x)) + u(x+ y)2 = v(x+ y),
and thus
L(tr(x)) + utr(x) + v = u(x+ y)
as x 6= y. Therefore, we have
L(tr(x)) + utr(x) + v = utr(x+ y) = 0,
which implies L(tr(x)) + utr(x) = v. When u 6= 0, this leads to a contra-
diction since x2 = y2 follows from F (x) = F (y). When u = 0, we have
L(tr(x)) = v 6= 0, which implies tr(x) 6= 0. Namely, there exists z ∈ F∗q such
that L(z) = v. However, this contradicts the fact that x(L(x) + v) permutes
Fq. The proof is completed. 
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Remark 2.2. It is natural to assume v ∈ Fq\{0, 1} in Theorem 2.1 since it is
necessary for xL(x)+vx to be a complete permutation polynomial over Fq. In
fact, xL(x) and xL(x)+x cannot be permutation polynomials simultaneously.
Indeed, L(x) is necessarily a linearized permutation polynomial, which implies
1 ∈ Im(L), if xL(x) is a permutation polynomial, while 1 6∈ Im(L) if xL(x)+x
is a permutation polynomial, where Im(L) represents the image space of the
linear transformation induced by L(x).
It is easy to see that the complete permutation polynomial F (x) con-
structed in Theorem 2.1 is still of the form xL¯(x) + vx for certain linearized
polynomial L¯(x) over Fqn. Therefore, Theorem 2.1 actually says that com-
plete permutation polynomials of the form xL¯(x) + vx over a finite field of
characteristic 2 can be used to construct complete permutation polynomials
of the same form over odd-degree extensions of this field; thus it presents a
recursive construction of complete permutation polynomials.
By fixing L(x) = 0 in Theorem 2.1, we can obtain the following construc-
tion of complete permutation polynomials which generalizes the one given in
Theorem 1.2.
Corollary 2.3. For a positive integer m, an odd positive integer n and any
u ∈ F2m, v ∈ F2m\{0, 1}, the polynomial
F (x) = x (utrnmm (x) + ux) + vx
is a complete permutation polynomial over F2nm.
Combining Theorem 2.1 and Corollary 2.3, we can also obtain the follow-
ing construction of complete permutation polynomials involving multi-trace
terms.
Corollary 2.4. Let m and n be two positive integers where n is odd, and
q = 2m. Assume d1, d2, . . . , ds are distinct positive integers with d1 | d2 |
· · · | ds | n and let c0 ∈ Fq, ci ∈ Fqdi , 1 ≤ i ≤ s. Then for any c˜ ∈ Fq\{0, 1},
the polynomial
F (x) = x
(
ci∑
i=0
trnmdim(x) + cx
)
+ c˜x
is a complete permutation polynomial over Fqn, where c =
∑s
j=0 cj and d0 =
1.
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Proof. Let L1(x) = c0tr
d1m
d0m
(x) + c0x and for 2 ≤ i ≤ s+ 1, let
Li(x) = Li−1
(
trdimdi−1m(x)
)
+
(
i−1∑
j=0
cj
)
trdimdi−1m(x) +
(
i−1∑
j=0
cj
)
x,
where ds+1 = n. Since F1(x) = xL1(x) + c˜x is a complete permutation
polynomial over Fqd1 according to Corollary 2.3, we know by induction that
Fi(x) = xLi(x) + c˜x
is a complete permutation polynomial over Fqdi for any 2 ≤ i ≤ s + 1 from
Theorem 2.1. According to the transitivity of the trace function, it can be
easily derived by induction that
Li(x) =
i−1∑
j=0
cjtr
dim
djm
(x) +
(
i−1∑
j=0
cj
)
x
for 2 ≤ i ≤ s+ 1. Hence finally we know that F (x) = Fs+1(x) is a complete
permutation polynomial over Fqn. 
3. Constructing CPP’s by inverting known ones
In this section, we propose another approach to obtain complete per-
mutation polynomials. The main observation is included in the following
proposition.
Proposition 3.1. Let f(x) be a complete permutation polynomial over FQ
where Q is a primer power. Then f−1(x) is also a complete permutation
polynomial over FQ.
Proof. Assume g(x) = f−1(x) + x. Then we have
g(f(x)) = f−1(f(x)) + f(x) = x+ f(x).
Since x+f(x) and f(x) are both permutation polynomials over FQ, we know
that g(x) is also a permutation polynomial over FQ, which implies f
−1(x) is
a complete permutation polynomial over FQ. 
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By Proposition 3.1, we can get complete permutation polynomials via
computing compositional inverses of known ones. But generally speaking,
it is far from a simple matter to obtain explicit representations of composi-
tional inverses of known permutation polynomials over finite fields. However,
in some special cases, say, the permutation polynomials in consideration are
permutation monomials, there are less difficulties, of course, to compute com-
positional inverses. This is because axd is a permutation polynomial over a
finite field FQ if and only if (d,Q − 1) = 1 and when this condition holds,
the compositional inverse of axd is just (x/a)d
−1
, where d−1 is a positive in-
teger satisfying dd−1 ≡ 1 (mod Q− 1). Thus to explicitly get compositional
inverses of permutation monomials over FQ is equivalent to explicitly get
inverses of elements in (Z/(Q − 1)Z)∗, the unit group of the integer residue
ring Z/(Q− 1)Z, which can be done by the Euclid algorithm.
Consequently, new classes of complete permutation monomials in the fol-
lowing three theorems can be directly derived from those given in Theorem 1,
Theorem 2 and Theorem 3 of [11], respectively, by computing their compo-
sitional inverses. Proofs of Theorem 3.2, Theorem 3.3 and Theorem 3.4 can
be directly obtained, which will be omitted here. Note that for any a ∈ F∗Q,
af(x/a) is a complete permutation polynomial over FQ if and only if f(x) is.
This fact needs to be applied in the proofs.
Theorem 3.2. Let m ≥ 2 be an integer with (3, m) = 1 and v ∈ F∗23m with
tr3mm (v) = 0. Then the monomial vx
23m−1+23m−2−22m−2−2m−2 is a complete
permutation polynomial over F23m.
Theorem 3.3. Let m ≥ 3 be an odd integer and v ∈ F∗22m with tr
2m
m (βv) = 0
or tr2mm (β
2v) = 0, where β is a primitive 3rd root of unity in F22m. Then the
monomial vx(2
2m+1
−2m+1+1)/5 or vx(2
2m
−2m+1+2)/5, respectively, is a complete
permutation polynomial over F22m according as m ≡ 1 (mod 4) or m ≡
3 (mod 4), respectively.
Theorem 3.4. Let m ≥ 3 be an odd integer and v ∈ F∗2m be a non-cubic with
v2
m+1 = 1. Then the monomial vx2
2m−1+2m+2m−1−1 is a complete permutation
polynomial over F22m.
In fact, for the exponent d appearing in the monomials in Theorem 2 or
Theorem 3 of [11], it is not so easy to explicitly get d−1 directly using the
Euclid algorithm. To overcome the difficulties, we can apply the Chinese
Remainder Theorem. As an example, we show how to compute (2m+1+3)−1
in (Z/(22m − 1)Z)∗ for an odd integer m ≥ 3 to obtain Theorem 3.3.
7
For any r ∈ (Z/(22m − 1)Z)∗, denote by r−11 and r
−1
2 the inverses of
r1 in (Z/(2
m − 1)Z)∗ and r2 in (Z/(2
m + 1)Z)∗, respectively, where r ≡
r1 (mod 2
m−1) and r ≡ r2 (mod 2
m+1). Then by the Chinese Remainder
Theorem, we know that
r−1 ≡ 2m−1(2m + 1)r−11 + 2
m−1(2m − 1)r−12 (mod 2
2m − 1). (1)
Now for r = 2m+1 + 3, it is obvious that r1 = 5 and r2 = 1; thus r
−1
2 = 1.
To get r−11 , we note that 5
−1 = 3 · (24 − 1)−1 since 5 = (24 − 1)/3. By the
Euclid algorithm, it is easy to derive that
(24 − 1)−1 =
{
−2 · 2
m−1
−1
24−1
if m ≡ 1 (mod 4)
1 + 24 · 2
m−1
−1
24−3
if m ≡ 3 (mod 4),
which implies
5−1 =
{
−2 · 2
m−1
−1
5
if m ≡ 1 (mod 4)
3 + 24 · 2
m−1
−1
5
if m ≡ 3 (mod 4).
Then we get that
(2m+1 + 3)−1 =
{
22m+1−2m+1+1
5
if m ≡ 1 (mod 4)
22m−2m+1+2
5
if m ≡ 3 (mod 4)
from (1). Theorem 3.3 follows.
The main purpose of this section is to obtain complete permutation poly-
nomials by explicitly representing the compositional inverse of the polynomial
F (x) defined in Theorem 2.1. In the sequel, we give the formula of the com-
positional inverse of F (x) and verify it at first, and explain the process to
derive it afterwards. Firstly we remark that in representing polynomials over
a finite field F2e , we sometimes use x
1/2 and 1/x instead of x2
e−1
and x2
e
−2,
respectively.
Theorem 3.5. Let m and n be two positive integers where n is odd, and
q = 2m. Assume L(x) is a linearized polynomial over Fq such that xL(x)+vx
is a complete permutation polynomial over Fq for some v ∈ Fq\{0, 1}. Let
g(x) be the compositional inverse of xL(x) + vx over Fq. Then,
(1) the polynomial
F¯ (x) =
x
v
+
(
g(tr(x))
tr(x)
+
1
v
)
xtr(x)q−1
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is a complete polynomial over Fqn; and
(2) the polynomial
F˜ (x)
=
(
1 + tr(x)q−1
)m−1∑
j=0
u2
j
−1
v2j+1−1

 n−12∑
k=0
xq
2k


2j
+
[
tr(x)q−1 +
(
u1/2g(tr(x))tr(x) + tr(x)3/2
)q−1] (x
u
)1/2
+
(
u1/2g(tr(x))tr(x) + tr(x)3/2
)q−1
×

g (tr(x)) + u1/2 m−1∑
j=0
(
tr(x)
u1/2g (tr(x))
+ u1/2g (tr(x))
)
−(2j+1−1)

 n−12∑
k=0
xq
2k


2j


is a complete permutation polynomial over Fqn for any u ∈ F
∗
q.
Proof. We proceed by directly verify that F¯ (F (x)) = x when u = 0 and
F˜ (F (x)) = x when u ∈ F∗q for any x ∈ Fqn, then the result follows from
Proposition 3.1.
First, note that for any u ∈ Fq,
tr(F (x)) = tr(x)L(tr(x)) + vtr(x),
which implies
g(tr(F (x))) = g (tr(x)L(tr(x)) + vtr(x)) = tr(x)
since g (yL(y) + vy) = y for any y ∈ Fq.
(1) When u = 0, we have F (x) = xL(tr(x))+ vx. Note that tr(F (x)) = 0
if and only if tr(x) = 0. Thus for x ∈ Fqn with tr(x) = 0, we have
F¯ (F (x)) =
F (x)
v
=
vx
v
= x,
and for x ∈ Fqn with tr(x) 6= 0, we have
F¯ (F (x)) =
F (x)g(tr(F (x)))
tr(F (x))
=
(xL(tr(x)) + vx) tr(x)
tr(x)L(tr(x)) + vtr(x)
= x.
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Hence F¯ (F (x)) = x for any x ∈ Fqn.
(2) When u ∈ F∗q, it is easy to see that
F˜ (x) =
m−1∑
j=0
u2
j
−1
v2j+1−1
n−1
2∑
k=0
x2
2km+j
for x ∈ Fqn with tr(x) = 0,
F˜ (x) =
(x
u
)1/2
for x ∈ Fqn with tr(x) 6= 0 and u
1/2g(tr(x)) + tr(x)1/2 = 0, and
F˜ (x) = g (tr(x))+u−1/2
m−1∑
j=0
(
tr(x)
u1/2g(tr(x))
+ u1/2g(tr(x))
)
−(2j+1−1)
n−1
2∑
k=0
x2
2km+j
otherwise.
Recall that tr(F (x)) = 0 if and only if tr(x) = 0. For x ∈ Fqn with
tr(x) = 0, we have F (x) = ux2 + vx; thus
F˜ (F (x)) =
m−1∑
j=0
u2
j
−1
v2j+1−1
n−1
2∑
k=0
(ux2 + vx)2
2km+j
=
m−1∑
j=0
u2
j+1
−1
v2j+1−1
n−1
2∑
k=0
x2
2km+j+1
+
m−1∑
j=0
u2
j
−1
v2j−1
n−1
2∑
k=0
x2
2km+j
=
n−1
2∑
k=0
xq
2k+1
+
n−1
2∑
k=0
xq
2k
= tr(x) + x
= x.
On the other hand, for x ∈ Fqn with tr(x) 6= 0, we have
u1/2g (tr(F (x))) + tr(F (x))1/2 = tr(x)1/2 (L(tr(x)) + utr(x) + v)1/2 ,
which implies u1/2g (tr(F (x))) + tr(F (x))1/2 = 0 if and only if L(tr(x)) +
utr(x) + v = 0. Therefore, when L(tr(x)) + utr(x) + v = 0, we have F (x) =
10
ux2, and thus
F˜ (F (x)) =
(
F (x)
u
)1/2
=
(
ux2
u
)1/2
= x;
when L(tr(x)) + utr(x) + v 6= 0, we have
F˜ (F (x)) = g (tr(F (x))) + u−1/2
m−1∑
j=0
(
tr(F (x))
u1/2g(tr(F (x)))
+ u1/2g(tr(F (x)))
)
−(2j+1−1)
×
n−1
2∑
k=0
F (x)2
2km+j
= tr(x) + u−1/2
m−1∑
j=0
u2
j
−1/2
(L(tr(x)) + utr(x) + v)2
j+1
−1
×
n−1
2∑
k=0
[x (L(tr(x)) + utr(x) + ux) + vx]2
2km+j
= tr(x) +
m−1∑
j=0
(L(tr(x)) + utr(x) + v)2
j
u2
j
−1
(L(tr(x)) + utr(x) + v)2
j+1
−1
n−1
2∑
k=0
x2
2km+j
+
m−1∑
j=0
u2
j+1
−1
(L(tr(x)) + utr(x) + v)2
j+1
−1
n−1
2∑
k=0
x2
2km+j+1
= tr(x) +
m−1∑
j=0
u2
j
−1
(L(tr(x)) + utr(x) + v)2
j
−1
n−1
2∑
k=0
x2
2km+j
+
m−1∑
j=0
u2
j+1
−1
(L(tr(x)) + utr(x) + v)2
j+1
−1
n−1
2∑
k=0
x2
2km+j+1
= tr(x) +
n−1
2∑
k=0
xq
2k
+
n−1
2∑
k=0
xq
2k+1
= x.
Finally we know that F˜ (F (x)) = x for any x ∈ Fqn. This completes the
proof. 
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The polynomials F¯ (x) and F˜ (x) in Theorem 3.5, though having com-
plicated representations, are indeed complete permutation polynomials over
Fqn induced from a complete permutation polynomial g(x) over Fq. Hence
Theorem 3.5 also provides recursive constructions of complete permutation
polynomials over odd-degree extensions of finite fields.
By fixing L(x) = 0 in Theorem 3.5, we can obtain the following class of
complete permutation polynomials. They correspond to the class of complete
permutation polynomials proposed in Corollary 2.3.
Corollary 3.6. For a positive integer m, an odd positive integer n and any
u ∈ F∗2m, v ∈ F2m\{0, 1}, the polynomial
F˜ (x) =
(
1 + trnmm (x)
q−1
)m−1∑
j=0
u2
j
−1
v2j+1−1

 n−12∑
k=0
xq
2k


2j
+
[
trnmm (x)
q−1 +
(
utrnmm (x
2) + v2trnmm (x)
)q−1] (x
u
)1/2
+
(
utrnmm (x
2) + v2trnmm (x)
)q−1
×

trnmm (x)
v
+ u1/2
m−1∑
j=0
(
utrnmm (x) + v
2
u1/2v
)
−(2j+1−1)

 n−12∑
k=0
xq
2k


2j


is a complete permutation polynomial over F2nm.
Proof. Note that when L(x) = 0 in Theorem 3.5, we have g(x) = x/v, and
thus(
u1/2g(trnmm (x))tr
nm
m (x) + tr
nm
m (x)
3/2
)q−1
=
(
utrnmm (x
2) + v2trnmm (x)
)q−1
.
Then the result follows from Theorem 3.5. 
In addition, according to the proof of Corollary 2.4, compositional inverses
of complete permutation polynomials from Corollary 2.4 can also be explicitly
obtained from Theorem 3.5 by induction, which will lead to another class of
complete permutation polynomials involving multi-trace terms. However,
their representations are rather complicated and the derivation of them will
be left to the interested readers.
12
For completeness of this paper, in the following we explain how to com-
pute the compositional inverse of the permutation polynomial F (x) given in
Theorem 2.1 for any u ∈ Fq. The main idea has already been indicated in
[13]. Consider a graph of maps
Fqn Fqn
Fq ⊕ ker(tr) Fq ⊕ ker(tr)
φ
F (x)
F (y, z)
φ
Here the map φ, which is defined by
φ(x) = (tr(x), x+ tr(x)),
can induce an isomorphism between Fqn and Fq ⊕ ker(tr), where ker(tr) rep-
resents the kernel space of the trace map of Fqn over Fq, because n is odd,
and F (y, z) is a bivariate polynomial system that can make the above graph
commutative (i.e., induce a bijective map from Fq ⊕ ker(tr) to itself). To
obtain F−1(x) (the compositional inverse of F (x)), we need only to find the
polynomial system F−1(y, z) that can induce the inverse map of the map
induced by F (y, z) on Fq ⊕ ker(tr).
For any x ∈ Fqn , we let y = tr(x) and z = x+ tr(x). Since
tr(F (x)) = tr(x)L(tr(x)) + vtr(x) = yL(y) + vy
and
F (x) + tr(F (x)) = (y + z)L(y) + u(y + z)y + u(y + z)2 + v(y + z) + yL(y) + vy
= uz2 + (L(y) + uy + v) z,
we have
F (y, z) =
(
yL(y) + vy, z2 + (L(y) + uy + v) z
)
.
Assume F (x) = X and Y = tr(X), Z = X + tr(X). Consider the system of
equations {
yL(y) + vy = Y
uz2 + (L(y) + uy + v) z = Z.
(2)
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It is direct to obtain that y = g(Y ) where g is defined in Theorem 3.5. Thus
L(y) = L(g(Y )) = 0 when Y = 0 and L(y) = L(g(Y )) = Y/g(Y ) + v when
Y 6= 0 since
g(Y )L(g(Y )) + vg(Y ) = Y.
First we consider the case for u = 0. When Y = 0, we can get from (2)
that y = 0 and z = Z/v, i.e.,
F
−1(Y, Z) =
(
0,
Z
v
)
.
Hence when tr(X) = 0 we have
F−1(X) =
Z
v
=
X + tr(X)
v
=
X
v
.
When Y 6= 0, we can get from (2) that
F
−1(Y, Z) =
(
g (Y ) ,
Z
L(g(Y )) + v
)
=
(
g (Y ) ,
Zg(Y )
Y
)
.
Hence when tr(X) 6= 0 we have
F−1(X) = g (Y ) +
Zg(Y )
Y
= g(tr(X)) +
X + tr(X)
tr(X)
g(tr(X)) =
Xg(tr(X))
tr(X)
.
Therefore, in the case u = 0, by Lagrange interpolation we have
F−1(X) =
X
v
(
1 + tr(X)q−1
)
+
Xg(tr(X))
tr(X)
tr(X)q−1
=
X
v
+
(
g(tr(X))
tr(X)
+
1
v
)
Xtr(X)q−1.
This yields F¯ (x) in Theorem 3.5.
Now we consider the case for u ∈ F∗q . When Y = 0, we can get from (2)
that y = 0 and z2 + vz/u = Z/u. According to [13, Lemma 3.3], we have
z =
m−1∑
j=0
(v
u
)
−(2j+1−1)
n−1
2∑
k=0
(
Z
u
)22km+j
=
m−1∑
j=0
u2
j
−1
v2j+1−1
n−1
2∑
k=0
Z2
2km+j
.
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Therefore, in this case,
F
−1(Y, Z) =

0,m−1∑
j=0
u2
j
−1
v2j+1−1
n−1
2∑
k=0
Z2
2km+j

 .
Hence when tr(X) = 0 we have
F−1(X) =
m−1∑
j=0
u2
j
−1
v2j+1−1
n−1
2∑
k=0
(X + tr(X))2
2km+j
=
m−1∑
j=0
u2
j
−1
v2j+1−1

 n−12∑
k=0
Xq
2k


2j
. (3)
When Y 6= 0, we can get from (2) that y = g(Y ) and
z2 +
(
L(y) + v
u
+ y
)
z = z2 +
(
Y
ug(Y )
+ g(Y )
)
z = Z/u.
We distinguish two cases. First, when Y/(ug(Y ))+g(Y ) = 0, i.e., u1/2g(Y )+
Y 1/2 = 0, we have z = (Z/u)1/2. This implies
F
−1(Y, Z) =
(
g (Y ) ,
(
Z
u
)1/2)
=
((
Y
u
)1/2
,
(
Z
u
)1/2)
.
Hence when tr(X) 6= 0 and u1/2g(tr(X)) + tr(X)1/2 = 0 we have
F−1(X) =
(
Y
u
)1/2
+
(
Z
u
)1/2
=
(
X
u
)1/2
. (4)
Second, when Y/(ug(Y )) + g(Y ) 6= 0, i.e., u1/2g(Y ) + Y 1/2 6= 0, according to
[13, Lemma 3.3] we have
z =
m−1∑
j=0
(
Y
ug (Y )
+ g (Y )
)
−(2j+1−1)
n−1
2∑
k=0
(
Z
u
)22km+j
= u1/2
m−1∑
j=0
(
Y
u1/2g (Y )
+ u1/2g (Y )
)
−(2j+1−1)
n−1
2∑
k=0
Z2
2km+j
.
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This implies
F
−1(Y, Z) =

g (Y ) , u1/2 m−1∑
j=0
(
Y
u1/2g (Y )
+ u1/2g (Y )
)
−(2j+1−1)
n−1
2∑
k=0
Z2
2km+j

 .
Hence when u1/2g(tr(X)) + tr(X)1/2 6= 0 we have
F−1(X)
= g (tr(X)) + u1/2
m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)
×
n−1
2∑
k=0
(X + tr(X))2
2km+j
= g (tr(X)) + u1/2
m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)
n−1
2∑
k=0
X2
2km+j
+
n+ 1
2
u1/2
m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)
tr(X)2
j
= g (tr(X)) + u1/2
m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)

 n−12∑
k=0
Xq
2k


2j
(5)
because
m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)
tr(X)2
j
=
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)m−1∑
j=0
(
tr(X)2
j
u2jg (tr(X))2
j+1 +
u2
j
g (tr(X))2
j+1
tr(X)2j
)
−1
= 0
according to [13, Lemma 3.5].
We denote by F1(X), F2(X) and F3(X) the formulas of F
−1(X) in (3),
(4) and (5), respectively. Finally, F−1(X) can be represented by Lagrange
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interpolation, that is
F−1(X)
=
(
1 + tr(X)q−1
)
F1(X) +
[
1 +
(
u1/2g(tr(X)) + tr(X)1/2
)q−1]
tr(X)q−1F2(X)
+
(
u1/2g(tr(X)) + tr(X)1/2
)q−1
tr(X)q−1F3(X)
=
(
1 + tr(X)q−1
)m−1∑
j=0
u2
j
−1
v2j+1−1

 n−12∑
k=0
Xq
2k


2j
+
[
tr(X)q−1 +
(
u1/2g(tr(X))tr(X) + tr(X)3/2
)q−1](X
u
)1/2
+
(
u1/2g(tr(X))tr(X) + tr(X)3/2
)q−1
×

g (tr(X)) + u1/2 m−1∑
j=0
(
tr(X)
u1/2g (tr(X))
+ u1/2g (tr(X))
)
−(2j+1−1)

 n−12∑
k=0
Xq
2k


2j

 .
This yields F˜ (x) in Theorem 3.5.
4. Concluding remarks
In this paper, a construction of complete permutation polynomials over
finite fields of even characteristic is generalized in a recursive manner. In
addition, several classes of complete permutation polynomials are derived
by inverting known ones. In fact, the idea of seeking a recursive construc-
tion of complete permutation polynomials is motivated by the work in [6]
on constructing bilinear permutation polynomials over finite fields of even
characteristic. It should be noted that from our construction, complete per-
mutation polynomials over any extension field of F2 can be obtained provided
the extension degree has an odd factor. It is a natural question that how to
construct complete permutation polynomials over ramified extensions of F2
(i.e., the extension degrees are powers of two). To the best of the authors’
knowledge, no special attention has been paid to this question before. We
leave it as an open problem.
Open problem. Construct complete permutation polynomials over the
finite field F22e , where e is a positive integer.
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